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ahetroct . .
The ohject of the present paper is 1o characterize a type of product semi-symmetric non-melric con nection

» nemno e Kahler manifold and to study some of its curvature properties.

1MS Sebject Classificationf2010]: S3CI5. 53C55
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Iatrodnction symmelric non-meiric connection in a hyperbolic
© 424 A Friedmannznd ] A Schouten [3] introduced Kdhler manifold and studied its curvamure properti2s.
¢ idea of serm-symmetnc connection on differentiable Preliminaries
In 1932, HA Heayden (5] studied semi- Let M™ be a C®-complete real ditferentiable
metnc connection on  a Riemannian manifold of dimension n endowed with a real vector
« K Yano []U] inmitiated syslcmalic :;ludy of valued function F such that
To-symmetne metnic connection and later on it was
~rwed by several ather peometers ([4], [2]). In 1975, X=X
foleh [4)defined and studied quarter-symmetric
roin mant{olds with aifine connection. K.Yano
@ [T ]studied  semi-symietric  metne
“chon m complex mamfold. M. Pravanovic’ [8]

(2.1)

for wbitrary vector field X, where § = FX.
If there exists pscudo Ricnannian metric 2 such that

tended the dea of semi-symmetric conneclion 1o ({](:i'lyi; —itrj(X."Y)I, (2'.2)
"t semi-symmetric connection in a locally e s called an almost hyperbohic Hermite

“Urposable Riemannian manifold and studied topics : .
“logons 10 Yano and Imai [11). R.N.Sirl:gh, An almost hyperbolie Hermite manifold M is called a

j‘ﬁ_P‘md"}‘ and D.Gautam [9] have defined a type of hyperbolic Kéihler manifold it
td Stmi-symmetric non-metnic conneclion in a

\,-;_ it ‘-;u":i“:l‘:zi";:;:i';?:]:“” manifold and studied v\:}‘:'vlu é'hu. the Riemunmian connection l\_
_ I this paper, we have defined a praduct semi- Vs duloen Fudetiisd by T?c::\\ege N\g‘;;P“‘
“;‘l‘.\m‘ FACTOR SJIF 2020 (7.551) Go“ﬁl‘ij‘t, AnupPY’ lN\ :
F T el Ans, Science & Commerce < Vol 10 (1) Julv-Dec 2020 % International Journal of Research 147
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o T IMPACT FACTOR S11 2"'&‘(: ”1,51’-!
FXLY) = g(X.1) e
(XL P = gLt (2.9 which an using cquations (2.1
T ; g L 2.1),(23), (24
)‘j‘”’ﬁ"" ) (3 1) inthe ahove equation, we get HC B
FOLY) = gh¥) = —g(X. P) = —F(r.X) 25
and RUXVE = ROGCVIZ +a(X2)Y - a(Y,2)X
FE Y)Y = ="FLY). (2.0) ba(X A)Y —a(Y, Z)X — g(Y. Z)1LX

(X, 2)LY + (w(X)g(¥.2) —u(Y)g(X. 2))U

A linear connection V7 on (M™, g) 1s termed as product
senti-symmetric connection if its torston tensor T has

the torm 8]

(XY = u(NDX = ()Y + u(P)X —u(XOr, @7
where wis a non-zero 1-form associated with the vector
ficld U on M" by

u(X) = g(X,U)
and non-metric connection if

(Vig)(¥.Z) = 0.
A Product Semi-Symmetric Non-Metric Connection
Consider a connection V" in a hyperbolic Kdhler
manifold M™ given by [9]

VY = VY + (V)X + u()X —g(X. V)V,
where u is a non-zero 1-form associated with the vector

field U defined by equation (2.8}, From cquation (3.1,
|t can be obtained that the torsion tensor

TH(X.¥Y) = ;Y — i X — [X.Y]

(2.8)

(2.9)

@.n

(3.2)

of the connection V* has the form

(X, ¥) = u()X —uX)Y +u(HX —u@y, 63

which shows that the connection given by equation
(3.1) is a product semi-symmetric connection. Also, we

have

(Vi) (Y. Z) =X(g(V.2)) ~ 9(VzY, Z) — g(¥. V&2,

(3.4)

which on using equations (2.4) and 3.1), gives

(Vig) (Y. 2) = —u(Y)'F(X,Z) = u(Z)' FX,Y).
¢ cannection under consideration is a

non-metric one. Conversely it can be shown that a
ing cquations (3.3) and (3.3) has
@G.1). Let (X, Y)Z be
rbolic Kdhler manifold
non-metric

(3.5)

This shows that th

connection V* satsfy
the form given by the equation
the curvature tensor of the hype
with respect to the pruducl-scmi-symmctric
connection V*. Then we have

RN N)Z = ViVyZ — GV Z — Vixn s (3.6)

(X, Z)Y — g(¥. )X hu(l])

Hu(Y)X — u(X)Yhu(Z) + (u(y )X
~u(X)Y)u(Z) — 2u(Z)g(X.¥)I,
. (3.7)
where a is a lensor ficld of type (0, 2) given by
(X, ) = (Vxu)(¥) = u(u(y) (38)
and L is a tensor ficld of type (1, 1) given by
(3.9)

LX = VU +u(D)X.

If we put
'Re(X, Y. 2, W) = gR (X, V)Z, W),
then in view of equation (3.7), above equation reduces

to

RU(X,Y,ZW) ='RX,Y.ZW)+ a(X,2)g(Y.w)

—a (Y. 2)g(X. W) +a(X, Z)' F(Y, W) - a(Y,Z)F(X. W)
_g(V, DB, W) + g(X. D)BY. W)
+uW)u(X)g(Y. 2) — u(¥)g(X.2)}
+u(Du@)gX, W) — u(X)g(V. W)}
+u(U){g(X, 2)g (Y. W) = g(¥. 2)g (X, W)}
+u(Z) (VY FX, W) —u(X)F(Y, W)}
—2u(D)u(WYF(Y.X), (3t

where B(Y, 2) is a tensor of type (0, 2) given by
B(Y,Z) = g(LY.Z) = (Vyu)(Z) + u(U)'F(Y.Z). (3.1

Now, puting X =W =e¢, in equation (3.10) and
summing overi, 1 < i < n, we get

Ric*(Y,Z) = Ric(Y.Z)—(n—-Da(¥.2)+ a(¥,Z)

—pa(Y.Z) + B(Y.2) = 6g(Y.2) ]
—u(Nu(2) + (n - 3uP)u@) + (¥ - 1)u(Z)u(¥).

(3.12)
wherc
§ = b+(n—2)ul) [
are the

e) and b = I, fle. )
d B respectively.
N/

and b = EL,"Flen
traces of the tensors 'F an

e
o &
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e

Fr . e 8

J where 1" and roare the scalar curvatures O
=
Keihler manifold relative 1n the conpct 10115

Symmetric Non-Metric

¢ of Product Semi-
A tion hiyperholie
(ondee Wwe consider a product seimsymmelne non V' and V respecively
; ed vector feld T hearem A4 o dipe ehailie Kahler manifold (arsion
omime el nan-melrer

on whose assocn
fonsor nf .rhrlriu.lm rvemi

cyth ee -'[)"ff‘ s the [0 ! raldg

- copnect
o with respedt o leveCnatac

of recurrence e

onnection Vowith

o o as ree rent v

~cUrre
et t 1
et

w v
¢ 3 1-form

w N .
s concerning such connection

L § prove some Test
4 2 28 ————
o, difterentialing equaton (! 8) and using cguation et

{13 wethr

‘ e Lo, o
(A1) Il’f[‘r(rlfl.lllnj[ coquation o
ng coualon (B

‘rool. 2
Levi-Cvita conneclion 7 and ust

~T

XTIV Z)

(4 11 we obtam N2
“‘l:"lr\“\l & “("\‘)“(Y)' H ‘” \\.‘hull Lurllplt'Tu\ the theorem . g
"nich on using cquation (3.8), gives Theorem 4.2 Ind hyperbolic Kakler mani/ ,:r ,—:r

(4.3) curvature (ensor of the prrzfﬁ-‘«’-u’ semi-5, mmELic e
a=0 N metric connection satisfies
In this case tensors L and f§ reduces to w2 + u(NT(Z.X) + u(Z';T;(X_ {i :;}
=u(U+ ()X (44 which on using cqualions (3.3) and (4125 &¥5
and required result.
v 7y = u(u(Z) + u(@F.2). (45)  projective Curvature Tensor of a Hyperbolic

A i i onnection V.
Therefore, using cquations (4.3) and (4.4) in equation ;?:;:E\::mcz:r\?;:l:“ttnfor L e a8
/3 7y .we obtain given by (6] . '
pX Y = RIXYIE+ w(@)(g(x.2)F - 9(¥.2)X) P(X ¥)Z = R(X Y)Z = o, [Ruc(¥. 73X
~u (U {gX. 2)Y — g(¥.2)X} + u(Z)[u(P)X —u(X)Y} — Ric(X, 2)Y)]- 3
a hyperbolic Razls

cut 2 u()X - u(K)¥} - 2u(Z)g(X. )V, (4.6) Projective curvature [ensor of
manifold admitting product sem:-s}

connection U 15 given by

PrX.Y)Z=R(X.Y)Z -

v (x. 7, 2W) = RULY.ZW) + u(@) g 2)F (Y, W) (—n-fl—)[mc-(r, Z)X - Ric" (X, 2)Y],
-g(t.2F% W)} + u(){gl. 2)g(¥. W) which on using equations (4.6) and (2.8), gnves

MmN DoOR-lis e

from which,we get

73
(]

—g(r. gt W)} + u@u@)g(X, W) , S _
~u(D)g(r, W)} + u(Z)u(¥)FXW) P NZ = PIXLTZ + u(D)g(X.2)F — oY D)
—u(R)F(Y.W)) = 2u(Z)g (X, V)u(W). -(ﬂf,]{g(?.z)x—y(»\".z]i’] +u(UNgy 2)Y - g0 DX}
(.7) T o " S
+——u(Z}{u()X - u(OY u(FIX - o 0
Putung ¥ = W = ¢, in above cquation and summing ("'”"{ He(DX - ()Y} + uZ) A o
veers, 1 €12, we gel "(',‘F,".TI,"(Z){"(Y‘L\' — u(X)'} - 2u(@g N
ety z) = ey, Z) ruUYF(Y,Z) = 8g(Y.2) (5.3)
+n = Hu(V)u(Z) + (f - Du(P)u(z), Theorem 5.1 4 hyperbolic Kiahler manifold with
(4 8) product SemESYRIEIric NeN-meIre Connection v
which gives sulivfies
PUAYZA P V20 (5.4)

TSy 4 uUyy &Y (n- ¥ ull)
(- Nu(¥)l. q.t
) (4. Proofl: Interchanemye N oand Y i equaton (3 %1 and
Li -
\

Furd ,
U'E:xcr putling ¥ = Z = ¢, an equabion (4.8) and using the lact that
g overs, 150 n, we gt PX.YL = ~P(V.X)Z tlE pout
o Y} = =Y. X)Z, Q! W
bin - v il
i = (n? - n - 3)u(lf) + (24 = Du(lh), @10 we obtam the required result \ 1:\5\ GQ\\EQ?G}‘?'\
Govh e AT
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/ Conformal Curvature Fensor of a Hyperbolic

KAhler Manifold with Connection V.
Contormmal curvature tensor € of the ranmifold

M™ s gmiven by o)

CANZ= RAXY)Z- (r;?;]um(v 2)X ~ Rie(X,2)Y

+9(Y.2)QX ~g(X.2)QY] 4 m—rlﬂff nx
- g(XZ)Y].

(6 1)

Conformal cunvature tensor of a hyperbolic Kahler
manifold admatuing product semi-symmetric non-metric
connection V* 15 given by

C(X.Y)Z= R X.Y)Z- ; - [Ric* (Y, 2)X
— Ric" (X, Z)Y + g(Y.Z)Q"X —g(X.2)Q"Y| +m

[g(Y.2)X — g(X.2)Y].
(6.2)

Now, using cquations (4.6), (4.8), (4.9) and (4.10) in
above cquation, we get

CXYIZ = CKY)Z+ n;—zu)(L_IJ{.g(f,Z)Y - g(7,2)X)
+ E2u(0)g(X. 2)7 - g (V. 2)X) + u(@) (D)X

—u(X)¥} - 2u(Dg(X.¥)

—u(Pyu(Z)x) + - ;”Ufumg(r Z) —u(P)g(X.2))
24'n 1) (pen Hjufl)s(Zn?+5Sn-nb+yp - l)l..!(U)><

i (n-1)(n-2)

[g(X.Z)Y - g(¥,Z)X}. (6.3)

Theorem 6.1 A hyperbolic Kihler manifold with
product  semi-symmeltric  non-meltric  connection V*
satisfies

C(X.Y)Z+C(V, X)Z=0. (6.4)

Proof: Interchanging X and Y in cquation (6.3) and
usmnyg the fact that
C(X.Y)Z = —C(Y. X)Z,

we obtain the required result.

Concircular Curvature ‘Tensor of a Iyperholic

KAhler Manifold with Connection V',
Concircular curvature tensor Vool the manmfold

M™ s given by [ 6]

IMPACT FACTOR ope o

VIK V)R - RIXY)E = " _(ary 7

(ancircular curvature tensar
product semi-s ymmenn:

mantfold with
connection V7 1s given by i
VURY)E = ROLNE = 90D - gix 7.

which on using equations (4 4) and "4 11

i~
‘

VIXY)Z+ull) ity ZF - 377 7 7

tnl-n=+
UG 21 - gy 7
+u(Z){ul? )2 —urk,7;
yu(Zyu(¥ ;4 — uf /}’AL.{’Z’ rx 7

hp'n ulj—nlret-2 -y

VX, V)=

s

nim-1

[g(Y.Z)X — g(X. 2,7,

Theorem 7.1 A hyperbolic Kahler meryaid s
product semi-symmelric nor-meiric conriction 7
satisfies

V((X.Y)JZ+ V (Y, X)Z = 0. ;

Proof: Interchanging X and ¥ in
using the fact that V(X,Y)Z ==V (r ¥ Z =

the required result,

m-Projective Curvature Tensor of a Hyperbalic
KAhler Manifold with Connection V"

In 1971, Pokhaniyal and Mishra [7] lefined 2 r2oeor
field W on a Riemannian manifold M~ a5

W(X.Y)I =R(X,Y)Z~- —,(:_n [Ric(¥. 2)X - Rie(X.7>

+g(Y.2)QX — g(X.Z)Q¥].

1l

for arbitrary vector fields X. Y and Z, where Ric i3 J
Ricci tensor of type (0, 2), Q 1s the Ricul operaicr £
?W(X' Y.Z,U) = _(}(FT"(X, Y)Z U Such a tensor fieid
is known as m-projective curvature tensor. m-projact
curvature tensor of a hyperholic Kahier mantfold witd
product semi-symmetric non-metne connection ¥
given by

W (X.¥)Z = R*(X.Y)Z ——jRu‘(Y X
-Ric*(X.Z)Y f-g(}’ 7 )Q°X - g(x.2)Q’Y]

y 32

which on using equations (4 (']é\“ “ \Ti\
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cir V)2 E WK 4 ‘ w(O(a(X. 71
PARALY AR UAI TR oA I TR AT
AU w(y)

A RR R LTI VAT TR WAL

gV, Z1x)

HPRIETRRY
| udNalh. 2N
L_(g(X,2)Y - g(¥,2)X)

W =u()X)

(X)g(¥.2) - u(¥)g(x.2))
-_‘—‘%U{u(.ﬁg(v,;{) ~u(Y)g(X.2))
2(n~ ‘K “

Theorem 8.1 4 lperboli ¢ Kihlor mamifold with
schac! SCmI-EYMmENric non-meiric connection V'

STLY TN 84
W ).‘,?‘)Z—f (84)

W (r.X)Z =0.
ng X 2nd Y 1 equation (83) and

Proof: Interchangu
7

b famt thal
the 1l L&l

':',z = -W({Y. X)L,
e requis red result.

1t

1

WA,
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